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In this paper, we investigate the finiteness of Ext-indices for certain ring extensions. In this
direction, we introduce some conjectures and discuss the relationships among them. We
also prove these conjectures in some special cases. Furthermore, we prove that the trivial
extension of an Artinian local ring by its residue class field is always of finite Ext-index, and
prove a generalization of the Auslander–Reiten conjecture for this type of ring.
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1. Introduction
Throughout the paper, all rings are assumed to be commutative Noetherian rings with unity.
Let R be a ring. Following [1], given nonzero R-modulesM and N , we define pR(M,N) as follows
pR(M,N) = sup{i ∈ N | ExtiR(M,N) 6= 0} (≤ ∞).
We define the Ext-index of the ring R, denoted by Ext-index(R), to be the supremum of finite values of pR(M,N) for finitely
generated R-modulesM and N , i.e.
Ext-index(R) = sup{pR(M,N) | M and N are finitely generated R-modules with pR(M,N) <∞}.
Definition 1.1. We say that the ring R is of finite Ext-index if it satisfies Ext-index(R) <∞. Following [6], we call R an AB
ring if it is a Gorenstein local ring of finite Ext-index.
Recall that the following rings are known to be of finite Ext-index:
Local complete intersections ([6, Corollary 3.5]), Golod rings ([7, Proposition 1.4]), Gorenstein local rings with minimal
multiplicity ([6, Theorem 3.6]), and Gorenstein local rings with codimension at most 4 ([10, Theorem 3.4]).
Also note that there does exist an example of an Artinian Gorenstein local ring which is not AB [7].
The primary focus of this paper is the finiteness property of Ext-indices for certain ring extensions. This is motivated by
the following conjectures, all of which seem to be open. (See also [3].)
Conjecture (L). Let R be a ring and let p ∈ Spec(R). If R is of finite Ext-index, then so is the localization Rp.
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Conjecture (E). Let R be an algebra over a field k and let ` be a finitely generated extension field of k. If R is of finite Ext-index,
then so is the ring R⊗k `.
Conjecture (P). Let R be a ring. If R is of finite Ext-index, then so is the polynomial ring R[x].
In Section 2, after some preliminaries, we discuss the relationships among these conjectures (Theorem 2.6). We also
verify Conjectures (L) and (P) in some cases.
In Section 3, we examine the trivial extension Rnk of an Artinian local ring Rwith its residue class field k. Surprisingly, we
prove that Rnk is always of finite Ext-index (Corollary 3.5). Furthermore, we obtain a generalization of the Auslander–Reiten
conjecture for this type of rings. (Corollary 3.7).
In Section 4, we are interested in how the finiteness of Ext-index is preserved by a base field extension for algebras. To
be precise, let R be a finite dimensional algebra over a field k and consider a transcendental extension k(x) of k. We show
under a mild assumption that if R is of finite Ext-index, then so is the extended ring R⊗k k(x). See Theorem 4.2 for details.
We also give some variants of this theorem in Theorems 4.4 and 4.6.
For unexplained notation and terminology in this paper, see the books [2,4,8,11].
2. Preliminaries
We recall some of the basic facts concerning Ext-indices.
Lemma 2.1. (1) Let R→ S be a faithfully flat ring homomorphism. Then the inequality Ext-index(R) ≤ Ext-index(S) holds. In
particular, if S is of finite Ext-index, then so is R.
(2) Let R = R1 × R2 be a product of rings. Then
Ext-index(R) = sup{Ext-index(R1), Ext-index(R2)}.
In particular, R is of finite Ext-index if and only if so are both R1 and R2.
(3) Let x be a nonzero divisor of R. Then
Ext-index(R/xR) ≤ Ext-index(R)− 1.
In particular, if R is of finite Ext-index, then so is R/xR.
(4) Let (R,m) be a Cohen–Macaulay local ring and x be a nonzero divisor of R that belongs to m. If R/xR is of finite Ext-index,
then so is R.
(5) Let (R,m) be a Cohen–Macaulay local ring of finite Ext-index. Then the completion R̂ is also of finite Ext-index.
Proof. (1) and (2) follow directly from the definition. See also [3, Proposition 5.5] for (1) and [3, Proposition 5.3] for (2). For
(3), (4) and (5), refer to [6, Proposition 3.3(1)] and [3, Remark 5.7]. 
The following is an obvious case of Conjecture (L).
Lemma 2.2. Let Max(R) (resp.Min(R)) denote the set of all maximal (resp. minimal) prime ideals of R, and let m ∈ Max(R) ∩
Min(R). Then we have
Ext-index(Rm) ≤ Ext-index(R).
In particular, if R is of finite Ext-index, then so is Rm for each m ∈ Max(R) ∩Min(R).
Proof. Let (0) = Q1 ∩ Q2 be an irredundant primary decomposition, where Q1 is an m-primary component and Q2 is the
intersection of the components belonging to other primes. Since m is a maximal ideal, we have Q1 + Q2 = R, hence R ∼=
R/Q1 × R/Q2. Since (0)m = Q1m, we see that Rm ∼= (R/Q1)m ∼= R/Q1. Therefore the lemma follows from Lemma 2.1(2). 
Corollary 2.3. If R is an Artinian ring of finite Ext-index, then so is Rp for every prime ideal p of R.
Lemma 2.4. Let R be a Cohen–Macaulay ring of finite Ext-index. Then Rm is of finite Ext-index for every maximal ideal m of R.
Proof. Let d = ht(m) ≥ 0. We can take a regular sequence x1, . . . , xd ∈ m on R. Then R/(x1, . . . , xd)R is of finite Ext-index
by Lemma 2.1(3). Thus (R/(x1, . . . , xd)R)m is an Artinian ring of finite Ext-index by Lemma 2.2. Applying Lemma 2.1(4) to
this ring, we obtain the finiteness of Ext-index of Rm. 
Lemma 2.5. Let R be a Gorenstein ring of finite Krull dimension.
(1) If R is of finite Ext-index, then Ext-index(R) = dim(R).
(2) If Rm is of finite Ext-index for each m ∈ Max(R), then R is of finite Ext-index.
Before proving this, we should remark that if R is an AB ring then the equality in (1) was shown in [6, Proposition
3.2], and was also proved by Mori [9, Corollary 3.3], including non-commutative cases. We include the proof below for
the convenience of the reader.
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Proof. (1) Letm be a maximal ideal of R. By Lemma 2.4, we know that Rm is an AB ring. Thus by the above-mentioned result
of [6], Ext-index(Rm) = ht(m) ≤ dim(R).
Now let M and N be finitely generated R-modules with ExtiR(M,N) = 0 for i  0. Then obviously ExtiRm(Mm,Nm) = 0
for i 0, hence the equality holds for all i > dim(R) ≥ Ext-index(Rm). This is true for any maximal idealm. Hence we have
ExtiR(M,N) = 0 for i > dim(R). Therefore, we can conclude that Ext-index(R) ≤ dim(R).
On the other hand, since dim(R) = id(R), we can find a finitely generated R-module L such that ExtdR(L, R) 6= 0 and
ExtiR(L, R) = 0 for all i > d = dim(R). This implies that dim(R) ≤ Ext-index(R).
(2) In fact, by an identical argument, we can prove the following inequalities:
Ext-index(R) ≤ sup{Ext-index(Rm) | m ∈ Max(R)} ≤ dim(R) <∞. 
We observe the following relationships among Conjectures (L), (E) and (P):
Theorem 2.6. (1) Suppose that Conjecture (P) is true for all Cohen–Macaulay local rings R of dimension 1. Then Conjecture (L)
is true for all Cohen–Macaulay local rings R of any dimension.
(2) Suppose that Conjecture (P) is true for a k-algebra R. Then Conjecture (E) is true for R and for all simple algebraic extensions
` of k.
(3) Suppose that Conjectures (L) and (E) are true for all Gorenstein rings containing field. Then Conjecture (P) is true for all
Gorenstein rings of finite Krull dimension that contain fields.
Proof. (1) Suppose (P) holds for all Cohen–Macaulay local rings of dimension 1. Let (R,m) be a Cohen–Macaulay local ring,
let p ∈ Spec(R), and assume that R is of finite Ext-index. To prove that Rp is of finite Ext-index, by induction on ht(m/p)
we may assume that ht(m/p) = 1. Take a maximal regular sequence {x1, . . . , xh} in p (so that h = ht(p)), and consider the
residue ring R = R/(x1, . . . , xh). By virtue of Lemma 2.1(3) and (4), replacing R by R, we may assume that R is of dimension
1 and p ∈ Min(R). Then take a nonzero divisor a ∈ m. Since R[x] is of finite Ext-index, it follows from Lemma 2.1(3) that
Ra ∼= R[x]/(ax − 1) is also of finite Ext-index. Since Ra is Artinian and a 6∈ p, by Corollary 2.3 the localization Rp is also of
finite Ext-index.
(2) Let R be a k-algebra of finite Ext-index. Let ` = k(α) be a simple algebraic extension of k. Let f (x) be the minimal
polynomial of α over k. Then we have R⊗k ` ∼= R[x]/(f (x)). Since R[x] is of finite Ext-index by assumption, R[x]/(f (x)) is
also of finite Ext-index by Lemma 2.1(3).
(3) Let R be a Gorenstein ring of finite Krull dimension and finite Ext-index that contains a field. To prove that the
polynomial ring R[x] is of finite Ext-index, we only have to show that R[x]M is so for each maximal idealM of R[x]. (See
Lemma 2.5(2).) Set p = M ∩ R and we have that Rp is of finite Ext-index by the assumption that (L) is true for R. Since
Rp contains a field, its completion R̂p has a coefficient field k that is isomorphic to the residue class field κ(p) = Rp/pRp.
SinceMRp[x]/pRp[x] is a maximal ideal of the polynomial ring κ(p)[x]with one variable, it is generated by a single element
f ∈ κ(p)[x], which is an irreducible polynomial. Since κ(p) is isomorphic to the subfield k of R̂p, we regard f as an element
of k[x] ⊆ R̂p[x]. Thus MR̂p[x] = (p, f )R̂p[x]. Since Rp is a Cohen–Macaulay local ring of finite Ext-index, it follows from
Lemma 2.1(5) that R̂p is of finite Ext-index. Thus, since Conjecture (E) holds, we see that R̂p⊗k k[x]/(f ) ∼= R̂p[x]/f R̂p[x] is of
finite Ext-index. Since Conjecture (L) holds, the localization R̂p[x]MR̂p[x]/f R̂p[x]MR̂p[x] is of finite Ext-index. Since f is a nonzero
divisor on the Cohen–Macaulay local ring R̂p[x]MR̂p[x], it follows from Lemma 2.1(4) that R̂p[x]MR̂p[x] is of finite Ext-index as
well. Note that there is a natural ring homomorphism R[x]M → R̂p[x]MR̂p[x]which is faithfully flat. Thereforewe can conclude
from Lemma 2.1(1) that R[x]M is of finite Ext-index. 
Remark 2.7. As a footnote to the previous theorem, we should point out that one can find Conjecture (L) in [6, Section 6]
when R is an AB ring. Thus research into Conjectures (P) and (E) and the relationships among the conjectures may provide
a new approach to the original question of Huneke and Jorgensen [6].
We now prove a special case of Conjecture (P).
Proposition 2.8. Let R be an Artinian Gorenstein ring of finite Ext-index. Assume that every residue class field of R is algebraically
closed. Then the polynomial ring R[x1, . . . , xn] is also of finite Ext-index.
Proof. By Lemma 2.5(2), it is enough to prove that R[x1, . . . , xn]M is of finite Ext-index for every maximal ideal M of
R[x1, . . . , xn]. Since R is Artinian, we see thatM ∩ R = m is a maximal ideal of R and R/m is an algebraically closed field.
Therefore, by Hilbert’s Nullstellensatz, there are elements r1, . . . , rn ∈ R withM = (m, x1 − r1, . . . , xn − rn)R[x1, . . . , xn].
Since Rm ∼= R[x1, . . . , xn]M/(x1 − r1, . . . , xn − rn)R[x1, . . . , xn]M is of finite Ext-index by Corollary 2.3 and since {x1 −
r1, . . . , xn− rn} is a regular sequence contained in the Jacobson radical of R[x1, . . . , xn]M, it follows from Lemma 2.1(4) that
R[x1, . . . , xn]M is of finite Ext-index. 
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3. Trivial extensions
LetM be an R-module. Recall that the trivial extension RnM of R byM is defined to be the underlying R-module R⊕M
equipped with a ring structure given by the multiplication rule
(r,m) · (r ′,m′) = (rr ′, rm′ + r ′m).
There are ring homomorphisms ρ : R −→ RnM with ρ(r) = (r, 0) and pi : RnM −→ Rwith pi(r,m) = r . Note that pi ·ρ
is the identity mapping on R.
In this section we are mainly concerned with the trivial extension R n k of the local ring (R,m, k) by the residue class
field k. The following theorem is one of the main results of this section.
Theorem 3.1. Let (R,m, k) be a local ring andM,N be nonzero non-free finitely generated Rnk-modules. Then TorRnkn (M,N) 6= 0
for all n ≥ 3.
The following lemma is key to the proof of the theorem, taking x = (0, 1) ∈ R n k = R ⊕ k. Note that there is a ring
isomorphism R ∼= (R n k)/x(R n k).
Lemma 3.2. Let (R,m, k) be a local ring, and let X and Y be R n k-modules. Suppose that xX = 0 = xY . (Thus X and Y are
modules over R ∼= (R n k)/x(R n k).) Then we have the following isomorphism for any integer n ≥ 1:
TorRnkn (X, Y ) ∼= TorRn(X, Y )⊕
∐
i+j=n−1
TorRnki (X, k)⊗k TorRj (k, Y ).
Proof. Set A = R n k. In this proof we always regard R as the residue ring A/xA, and use the notation A/xA instead of R to
avoid confusion. Noting that xA = xk, consider the trivial short exact sequence of A-modules
0 −→ k x−→ A −→ A/xA −→ 0.
Taking the tensor product by the A/xA-module X , we have the following triangle in the derived category D−(A/xA) of right
bounded chain complexes of A/xA-modules.
X ⊗LA k −−−−→ X ⊗LA A pi−−−−→ X ⊗LA A/xA −−−−→ X ⊗LA k[1].
Consider the natural augmentation  : X ⊗LA A/xA −→ H0(X ⊗LA A/xA) = X ⊗A A/xA and, since X ⊗A A/xA = X by the
assumption, we have the following commutative diagram in D−(A/xA):
X ⊗LA A pi−−−−→ X ⊗LA A/xA
∼=
y y
X
∼=−−−−→ H0(X ⊗LA A/xA).
Thus pi has a left inverse in the category D−(A/xA). Therefore the triangle splits and gives an isomorphism in D−(A/xA):
(∗) X ⊗LA A/xA ∼= X ⊕ (X ⊗LA k)[1].
Now by applying the functors−⊗LA/xA Y to the isomorphism (∗), we obtain an isomorphism in D−(A/xA):
X ⊗LA Y ∼= (X ⊗LA/xA Y )⊕
(
(X ⊗LA k)⊗Lk(k⊗LA/xA Y )
) [1].
The lemma follows by taking the homology modules of both sides. 
Remark 3.3. Let S be a local ringwith residue class field ` and letM andN be S-modules such that lengthS(TorSn(M,N)) <∞
for all n. Then we can consider the generating function PSM,N(t) defined by
PSM,N(t) =
∑
n≥0
lengthS(Tor
S
n(M,N)) t
n.
Recall that the Poincaré series PSM(t) ofM is defined to be P
S
`,M(t) and the Poincaré series P
S
` (t) is denoted simply by PS(t).
Note that by the previous lemma, we can show the equality
PRnkM,N(t) = PRM,N(t)+ PRnkM (t) PRN(t) t,
ifM and N are finitely generated R-modules with lengthRnk(Tor
Rnk
n (M,N)) <∞ for all n. Applying this toM = N = k, we
have
PRnk(t) = PR(t)(1− PR(t) t)−1,
which is a special case of a theorem of Gulliksen [5, Theorem 2].
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Now we proceed to the proof of the theorem.
Proof of Theorem 3.1. Let A = R n k and let n be the maximal ideal of A. Note that xn = 0. Suppose TorAn(M,N) = 0 for
some n ≥ 3. Note that TorAn(M,N) = TorAn−2(ΩM,ΩN) for n ≥ 3, whereΩM (resp.ΩN) denotes the first syzygy module
ofM (resp. N) as an A-module. Considering the minimal presentations ofM and N , we see thatΩM ⊆ nF andΩN ⊆ nG for
some free A-modules F and G. Thus we have that xΩM ⊆ xnF = 0 and xΩN ⊆ xnG = 0. Therefore we can apply Lemma 3.2
to the A-modulesΩM andΩN . Then, since TorAn−2(ΩM,ΩN) = 0 holds for some integer n ≥ 3, it follows from Lemma 3.2
that TorAn−3(ΩM, k)⊗k(ΩN ⊗R k) = 0. Hence we have eitherΩN ⊗R k = 0 or TorAn−3(ΩM, k) = 0. In the first case, N is a
free A-module, sinceΩN = 0. This is a contradiction. In the latter case,ΩM is either 0 or of finite projective dimension as
an A-module. Since depth(A) = 0, we conclude from the Auslander–Buchsbaum formula thatM is a free A-module. This is
again a contradiction. 
Remark 3.4. In this remark we give an example of a local ring R and non-free finitely generated modules over R n k for
which one of the first two Tors vanishes.
Let R be the formal power series ring k[[Y ]] of one variable where k is an arbitrary field. Let A = Rnkwhich is isomorphic
to k[[X, Y ]]/(X2, XY ), and denote by x, y the residue classes of X, Y in A. The following is part of the minimal free resolution
of the A-module A/Ay:
A2
(x,y)−→ A x−→ A y−→ A −→ A/Ay −→ 0.
Noting that A/Ay ∼= k[[x]]/(x2) and A/Ax ∼= k[[y]] and using this free resolution, one can easily see that
TorAi (A/Ay, A/Ay)
{6= 0 (i = 1)
= 0 (i = 2),
and that
TorAi (A/Ay, A/Ax)
{= 0 (i = 1)
6= 0 (i = 2).
On the other hand, Theorem 3.1 shows that TorAi (A/Ay, A/Ay) and Tor
A
i (A/Ay, A/Ax) do not vanish for all i ≥ 3.
As applications of Theorem 3.1 we can show the following corollaries.
Corollary 3.5. Let (R,m, k) be an Artinian local ring and let M and N be finitely generated modules over the trivial extension
R n k. If ExtiRnk(M,N) = 0 for some integer i ≥ 3, then either M is R n k-free or N is R n k-injective.
In particular, Ext-index(R n k) = 0.
Proof. Taking the Matlis dual which we denote by ( )∨, we have TorRnki (M,N∨) = 0 for an integer i ≥ 3. Hence by
Theorem 3.1, one ofM and N∨ is R n k-free. 
Corollary 3.6. Let (R,m, k) be an Artinian local ring with m 6= 0, and let E = ERnk(k) be the injective envelope of the R n k-
module k. Then ExtiRnk(E, R n k) 6= 0 for all i ≥ 3.
Proof. Otherwise, it follows from Corollary 3.5 that E is R n k-free or R n k is R n k-injective. In either case R n kmust be
a Gorenstein ring. However, since the socle dimension of R n k is bigger than that of R by 1, there is no way R n k can be
Gorenstein. 
It is known from [3, Theorem 2.3] that rings of finite Ext-index satisfy the Auslander–Reiten conjecture. We have a
stronger result for the ring R n k if it is Artinian.
Corollary 3.7. Let (R,m, k) be an Artinian local ring and let M be a finitely generated module over R n k. Suppose that
ExtiRnk(M,M ⊕ (R n k)) = 0 for some integer i ≥ 3. Then M is a free R n k-module.
Proof. By Corollary 3.5, eitherM is Rn k-free orM⊕ (Rn k) is Rn k-injective. In the latter case, Rn k has to be a Gorenstein
ring. However, this occurs only when m = 0, as we have remarked in the proof of the previous corollary. If m = 0, then R is
a field and the corollary holds trivially. 
4. More ring extensions
Let R be an algebra over a field k, and letM be a module over the polynomial ring R[x] in one variable x. The specialization
of M to an element α ∈ k is defined by
Mα := M⊗k[x](k[x]/(x− α)k[x]).
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Note thatMα is simply a residue module ofM by a submodule (x−α)M . IfM is a finitely generated R[x]-module then it has
a presentation of the form
R[x]n ϕ(x)−−−−→ R[x]m −−−−→ M −−−−→ 0,
where n,m ∈ Z≥0 and ϕ(x) is an n × m-matrix consisting of polynomials ϕij(x) in R[x]. In this case, the specialization Mα
has a presentation
Rn
ϕ(α)−−−−→ Rm −−−−→ Mα −−−−→ 0,
where ϕ(α) is an n×m-matrix consisting of elements ϕij(α) in R. In particular, ifM is a finitely generated R[x]-module, then
Mα is a finitely generated R-module. For the meaning of specialization, see for example [12, Section 3].
Lemma 4.1. Let R be a k-algebra and let α ∈ k. Assume that x− α is a nonzero divisor on R[x]-modules M and N. Then we have
an exact sequence
0→ ExtiR[x](M,N)α → ExtiR(Mα,Nα)→ Tork[x]1 (Exti+1R[x](M,N), k[x]/(x− α))→ 0
for each i ≥ 0.
Proof. Since Nα = N/(x− α)N , there is an obvious exact sequence of R[x]-modules
0 −−−−→ N x−α−−−−→ N −−−−→ Nα −−−−→ 0.
Thus we have a long exact sequence
ExtiR[x](M,N)
fi→ ExtiR[x](M,N)→ ExtiR[x](M,Nα)→ Exti+1R[x](M,N)
fi+1→ Exti+1R[x](M,N),
where each fi is a multiplication mapping by x − α. Since x − α is a nonzero divisor on M , one can easily see that
ExtiR[x](M,Nα) ∼= ExtiR(Mα,Nα). Thus we obtain the exact sequence
0 −→ coker(fi) −→ ExtiR(Mα,Nα) −→ ker(fi+1) −→ 0.
By the definition of specialization it is easy to verify that coker(fi) = ExtiR[x](M,N)α , and ker(fi+1) ∼=
Tork[x]1 (Ext
i+1
R[x](M,N), k[x]/(x− α)). 
As relates to Conjecture (E) in Section 1, we are now able to derive the following theorem.
Theorem 4.2. Suppose that k is an uncountable field and R is a finite dimensional k-algebra of finite Ext-index. Let k(x) be a
transcendental extension of k. Then R⊗k k(x) is also of finite Ext-index. More precisely, the inequality Ext-index(R⊗k k(x)) ≤
Ext-index(R) holds.
Proof. Set b = Ext-index(R), and let M ′ and N ′ be finitely generated R⊗k k(x)-modules satisfying ExtiR⊗k k(x)(M ′,N ′) = 0
for i 0. We only have to show that ExtiR⊗k k(x)(M ′,N ′) = 0 for i > b.
Note that R⊗k k(x) is just a localization of R[x] by a multiplicatively closed subset k[x] \ {0}. Hence we can choose a
finitely generated R[x]-submodule M of M ′ (resp. N of N ′) so that M⊗k[x] k(x) ∼= M ′ (resp. N ⊗k[x] k(x) ∼= N ′). Notice that
x− α acts onM and N as a nonzero divisor for each α ∈ k.
Since we have an isomorphism ExtiR⊗k k(x)(M
′,N ′) ∼= ExtiR[x](M,N)⊗k[x] k(x), we see that ExtiR[x](M,N)⊗k[x] k(x) = 0 for
i 0.
On the other hand, since R is a finite dimensional k-algebra, each module ExtiR[x](M,N) (i ≥ 0) is a finitely generated
k[x]-module. Hence it has a k[x]-module decomposition as follows:
ExtiR[x](M,N) ∼=
si⊕
j=1
k[x]/(fij(x))⊕ k[x]ri ,
where fij(x) 6= 0 ∈ k[x] and ri ∈ Z≥0.
Since ExtiR[x](M,N)⊗k[x] k(x) vanish for i 0, we have ri = 0 for i 0. Since there are only countably many equations
fij(x), we can find an element α ∈ k with the property that fij(α) 6= 0 for all i, j. Then, since x − α acts bijectively on
k[x]/(fij(x)), we see that Tork[x]1 (Exti+1R[x](M,N), k[x]/(x− α)) = 0 for all i, and that ExtiR[x](M,N)α = 0 for i  0. Therefore
the previous lemma implies that ExtiR(Mα,Nα) = 0 for i 0. Thus, by the definition of Ext-index,we have ExtiR(Mα,Nα) = 0
for all i > b. Since ExtiR[x](M,N)α is a submodule of Ext
i
R(Mα,Nα) by Lemma 4.1, we have Ext
i
R[x](M,N)α = 0 for all i > b.
This implies that ri = 0 for i > b, which is equivalent to the vanishing condition ExtiR[x](M,N)⊗k[x] k(x) = 0 for i > b. 
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Remark 4.3. Given an integer t ≥ 1, suppose there is a natural number n with ExtiR(M,N) = 0 for n + 1 ≤ i ≤ n + t and
ExtjR(M,N) 6= 0 for j = n, n+ t + 1. In such a case we say that ExtR(M,N) has a gap of length t . Set
Ext-gap(R) := sup{t ∈ N | there are finitely generated R-modulesM and N such that ExtR(M,N)
has a gap of length t}.
The ring R is called Ext-bounded if Ext-gap(R) < ∞. We should remark from [6, Theorem 3.4(3)] that if R is a Gorenstein
local ring that is Ext-bounded, then R is of finite Ext-index.
Keeping inmind this remark,we canprove the following statement by the same arguments as in the proof of Theorem4.2:
Theorem 4.4. Let R be a finite dimensional k-algebra where k is an infinite field, and let k(x) be a transcendental extension of k.
If R is Ext-bounded, then so is R⊗k k(x). More precisely the inequality Ext-gap(R⊗k k(x)) ≤ Ext-gap(R) holds.
Proof. LetM ′ and N ′ be finitely generated R⊗k k(x)-modules and suppose that ExtR⊗k k(x)(M ′,N ′) has a gap of length t . To
prove t ≤ Ext-gap(R), we use the same notation as in the proof of Theorem 4.2. First we can find finitely generated R[x]-
modulesM andN and an integer n satisfying ExtiR[x](M,N)⊗k[x] k(x) = 0 for n+1 ≤ i ≤ n+t and ExtjR[x](M,N)⊗k[x] k(x) 6=
0 for j = n, n + t + 1. As in the proof of Theorem 4.2, we decompose ExtiR[x](M,N) as k[x]-modules into direct sums of
indecomposable ones, and obtain a finite number of equations fij(x) (n + 1 ≤ i ≤ n + t + 1, 1 ≤ j ≤ si). Now we choose
an element α ∈ k that is not a zero of any of these polynomials. Then, as in the proof of Theorem 4.2, we can show that
ExtiR(Mα,Nα) = 0 for n+ 1 ≤ i ≤ n+ t . Thus by definition we have t ≤ Ext-gapR. 
Remark 4.5. Let R be a Cohen–Macaulay local ring with a dualizing module. By using maximal Cohen–Macaulay
approximations, it is easy to see that R is of finite Ext-index if and only if there exists an integer b ≥ 0, depending only
on R, such that pR(M,N) ≤ b for all maximal Cohen–Macaulay R-modulesM and N with pR(M,N) <∞. In fact, setting
ζ (R) = sup {pR(M,N) | pR(M,N) <∞whereM and N are maximal Cohen–Macaulay R-modules} ,
we can show that
ζ (R) ≤ Ext-index(R) ≤ ζ (R)+ d.
Therefore, R is of finite Ext-index if and only if ζ (R) < ∞. It is easy to see that in the case that R is a Gorenstein local ring,
we have the equality Ext-index(R) = ζ (R).
Theorem 4.6. Let (R,m, k) be a Cohen–Macaulay local ring of finite Ext-index. Assume that R possesses a dualizing module
and that R has an uncountable coefficient field k. Then R[x]mR[x] is of finite Ext-index as well. More precisely, the inequality
ζ (R[x]mR[x]) ≤ Ext-index(R) holds.
Proof. It is known and is easily seen that R[x]mR[x] is also a Cohen–Macaulay local ring with a dualizing module. We only
have to show that ζ (R[x]mR[x]) ≤ Ext-index(R).
Let t = Ext-index(R), and assume that there are maximal Cohen–Macaulay R[x]mR[x]-modules M ′ and N ′ such that
ExtiR[x]mR[x](M
′,N ′) = 0 for i 0. We shall show that this vanishing holds for all i > t .
As in the proof of Theorem 4.2, we can find finitely generated R[x]-modules M and N , such that ExtiR[x]mR[x](M ′,N ′) ∼=
ExtiR[x](M,N)mR[x] for all i. For simplicity we denote the R[x]-module ExtiR[x](M,N) by E i. By Nakayama’s lemma, it is easy to
see that E imR[x] = 0 if and only if (E i/mE i)⊗k[x] k(x) = 0.
Note that each E i/mE i is a finitely generated k[x]-module. Hence, as in the proof of Theorem 4.2, we decompose the
k[x]-modules into indecomposable modules:
E i/mE i ∼=
si⊕
j=1
k[x]/(fij(x))⊕ k[x]ri ,
where fij 6= 0 are irreducible polynomials of k[x]. As before, we can choose an element α ∈ k so that fij(α) 6= 0 for all i, j.
Since x−α acts bijectively on k[x]/(fij(x)), we see that (E i/mE i)α = kri for i. By the assumption, since ri = 0 holds for i 0,
we have (E i/mE i)α = 0 for i 0.
It is trivial that (E i/mE i)α ∼= E iα/mE iα . Thus it follows from Nakayama’s lemma that E iα = 0 for i  0. This means that
E i
x−α−→ E i is bijective for i 0. Therefore Tork[x]1
(
E i+1, k[x]/(x− α)) = 0 for i 0.
Hence by Lemma 4.1, ExtiR(Mα,Nα) = 0 for i  0, and thus ExtiR(Mα,Nα) = 0 for i > t , by the definition of t . By
Lemma 4.1, E iα = 0 for all i > t . In particular, (E i/mE i)α = 0 for i > t . This means that ri = 0 for i > t and hence
E i/mE i⊗k[x] k(x) = 0 for i > t; equivalently, E imR[x] = 0 for i > t . This shows that ζ (R[x]mR[x]) ≤ t as desired. 
Remark 4.7. As in Remark 4.3, we can prove the following statement by the above arguments:
Let (R,m, k) be an Ext-bounded Cohen–Macaulay local ring admitting a dualizing module. Assume that R has an infinite
coefficient field k. Then R[x]mR[x] is also Ext-bounded.
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